Abstract. A knot in the 3-sphere is said to have zero negative unknotting number if it can be transformed into the unknot by performing only positive crossing changes. In this paper, we provide an obstruction for a knot to having zero negative unknotting number, and discuss its application to two classes of knots.
Introduction
Let K be an oriented knot in the 3-sphere S 3 . It is well known that K can be transformed into the unknot by crossing changes, which are local moves illustrated in Figure 1 . By counting the signs of the crossing changes, we can define the set U(r, s) to be the set of all knots that can be unknotted by performing r positive crossing changes and s negative crossing changes (Cochran and Lickorish [2] ). Define u − (K) = min{s|K ∈ U(r, s)}, and call it the negative unknotting number of K. Similarly we can define the positive unknotting number u + (K). Sometimes we use u ± (K) to denote both the case of u − (K) and u + (K). The signed unknotting number has been studied for a long time. In this paper, we provide an obstruction for a knot to having zero negative unknotting number. Before stating the result, let us review some necessary terminologies.
Given p/q ∈ Q \ {0}, consider a continued fraction of p/q = [a 1 , a 2 , · · · , a n ]. Namely,
Let Ω be the set of p/q ∈ Q \ {0} which has a continued fraction [a 1 , a 2 , · · · , a n ] such that all but at most two of the a i satisfy that a i ≤ −2 for 2 ≤ i ≤ n − 1 and a i ≤ −1 for i = 1, n. In particular, any rational number −p/q with p ≥ q > 0 is an element in Ω. We can see this from the following arguments. Require that p and q are relatively prime integers. When p = 1 the statement is true. When p 2 we show that p/q has a continued fraction 
Let A (respectively T , S and R) be the set of algebraically slice knots (respectively topologically slice knots, smoothly slice knots and ribbon knots) in S 3 . Then they satisfy the relation R ⊆ S ⊂ T ⊂ A. Referring to [20], we consider the following sets of knots. Define u A (r, s) (respectively u T (r, s), u S (r, s) and u R (r, s)) to be the set of knots that can be transformed into knots in A (respectively T , S and R) by performing r positive crossing changes and s negative crossing changes. Given a knot K, we can define u
, as we did for u ± (K). Then these invariants satisfy the relation
3 . There have been many tools and invariants which can be applied to detect whether a knot has zero negative unknotting number or not. The first class of invariants we can use are signature σ(·), Rasmussen invariant s(·) and Ozsváth and Szabó's invariant τ (·), which satisfy the relation ν(K − ) ≤ ν(K + ) ≤ ν(K − ) + 2 with ν standing for either σ, s or 2τ . A knot K with u − (K) = 0 has the property that ν(K) ≥ 0 (see also [2, Corollary 3.9] ). The signature σ, as an algebraical concordance invariant, does not distinguish u ± from u A ± , while s and τ , as smooth concordance invariants, do not tell the difference between u ± and u S ± . Another useful tool is Donaldson's diagonalization theorem, which was applied by Cochran and Lickorish [2] to show that the untwisted Whiteheand double of a class of knots have non-zero negative unknotting numbers. Some ingredients from Heegaard Floer homology were applied as well recently. Let Σ(K) denote the double-branched cover of S 3 along K. Owens [8, 9] used the d-invariants of Σ(K) to study the signed unknotting number of K. These techniques do not distinguish u ± from u S ± as well. Two basic ways to obtain 3-manifolds from a knot are doing Dehn surgeries and taking branched coverings of S 3 along the knot. Comparing with Owens' work, Theorem 1.1 is an application of d-invariant in the other direction. However, our obstruction does not distinguish u ± from u S ± either, due to the following observation. Observation 1.2. If K is smoothly concordant to a knot K ′ , then there is an affine isomorphism β : Spin c (S
. Section 2 is devoted to the proof of Theorem 1.1 and applications of the theorem.
Proof of Theorem 1.1
The definition and some properties of d-invariant were introduced by Ozsváth and Szabó in [10] . Here we recall the definition first and then review those properties to be used in Section 2.2, where the proof is given. The definition of d-invariant was first given in [10] . In this paper, we refer to the following definition. 
where gr(ξ) denotes the grading of ξ and takes value in Q.
The d-invariants for Y and −Y , where " − " means the reverse of the orientation, are related by the formula
. It is known that d-invariant is additive under the connected sum of 3-manifolds. Given two rational homology 3-spheres Y 1 and Y 2 , and spin c -structures
where s 1 ♯s 2 means the sum of spin c -structures. Suppose that Y is an oriented rational homology 3-sphere, that X is an oriented negative-definite simply connected smooth 4-manifold with ∂X = Y and that t ∈ Spin c (X). Then it was shown in [10] that
where c 1 (t) ∈ H 2 (X; Z) is the first Chern class of t and c 2 1 (t) ∈ Q is the image of (c 1 (t), c 1 (t)) under the cup product, b 2 (X) is the second Betti number of X, and t Y is the restriction of t onto Y . Suppose X is a rational smooth 4-cobordism from the rational homology 3-sphere Y to the rational homology 3-sphere Y ′ . Then
for any t ∈ Spin c (X). The above relations (1), (2), (3) and (4) all come from Ozsváth and Szabó's original paper [10] .
It is in general not easy to calculate the d-invariant. But for some plumbed 3-manifolds, a formula for d-invariant was established in [11], which we recall here. Let G be a tree equipped with an integer-valued function m on its vertices. Such a tree G gives rise to a 4-manifold X(G) with boundary Y (G). The 4-manifold X(G) is obtained by plumbing a collection of disk bundles over the 2-sphere indexed by the vertices of G, so that the Euler number of the disk bundle corresponding to a vertex v is the value m(v). Two disk bundles are plumbed if their corresponding vertices of G are connected by an edge in G. The second integral homology group of X = X(G) is freely generated by the vertices of G. Namely H 2 (X; Z) ∼ = v∈V (G) Z < e v > where V (G) is the set of vertices of G and e v is the generator of H 2 (X; Z) corresponding to v. Then the intersection form on H 2 (X; Z) is given by G as follows.
if i = j and v and w are connected by an edge 0 otherwise.
A tree G described above is called negative-definite if the intersection form associated with G is negative definite. A vertex v ∈ V (G) is said to be a bad vertex if |m(v)| is less than the number of its adjoining edges. Here is the formula we will use.
Theorem 2.2 (Ozsváth-Szabó [11] )
. Let G be a negative-definite tree with at most two bad vertices, and fix a spin c -structure
where |V (G)| is the number of vertices of G and is also the second Betti number of X(G).
Let K + and K − be two knots which are identical except in a neighbourhood of a crossing, as shown in Figure 1 . In Section 4 of [1] , the author showed an inequality between the d-invariants of S 
] along a circle with framing -1. The cobordism W provides a natural affine isomorphism α : Spin c (S
, and it was proved in [1, Eq. (4)] that
The map α is natural in the sense that α(m − ·s) = m + ·α(s) for any s ∈ Spin c (S classes of the coherently oriented meridians of K − and K + , and thus they generate
2.2.
Proof of Theorem 1.1.
Proof of Theorem 1.1. Suppose u − (K) = 0, which means K can be transformed into the unknot by performing only positive crossing changes. By (6), we have an affine
be the continued fraction of p/q which makes p/q belong to Ω. Let G be the tree given by the above continued fraction, as shown in Figure 2 (1). From the definition of Ω, it is easy to check that G is a negative-definite tree with at most two bad vertices. The manifold Y (G) in this case is the lens space L(p, q). By Theorem 2.2, we have , q) ). On the other hand, the 3-manifold S 3 p/q (K) bounds a smooth 4-manifold X ′ which is constructed by the Kirby diagram in Figure 2 (2). The intersection form on X ′ is the same as that on X(G), and therefore is negative definite. By (3), we have
. It is easy to see that there is an affine isomorphism ϕ : Spin , q) ). This together with ( * ) implies that there is an affine isomorphism α : 
and let t i (K) = ∞ j=0 ja |i|+j for i ∈ Z. We have the following theorem.
Theorem 2.3 (Ozsváth-Szabó [10] ). Let K ⊂ S 3 be a knot which admits an L-space surgery, for some integer p ≥ 1. Then there is a bijection f :
and an affine isomorphism g : Spin c (S , 1) ) satisfying the following property. For all integers i with |i| ≤ p/2 we have
We prove the following property for knots which admit L-space surgeries. 
). Summing the above equation over all s and using Theorem 2.3, we conclude that t i = 0 for all i ∈ Z. Recalling the definition of t i , we see that a i = t i−1 + t i+1 − 2t i = 0 for any i ≥ 1. It was proved in [15] that if a knot J admits a positive integral Lspace surgery, then the Seifert genus of J coincides with the degree of the normalized Alexander polynomial of J. Therefore in our case, the Seifert genus of the knot K is zero, which implies that K is the unknot.
This proposition implies that if K ⊂ S
3 is a non-trivial knot which admits an L-space surgery for a rational number p/q > 0, then K can never be unknotted by performing negative crossing changes. is a non-trivial knot which admits a positive integral L-space surgery, then Ozsváth and Szabó's invariant τ (K) > 0. This fact also implies that K can never be unknotted by performing negative crossing changes.
2.3.2.
Examples from cabled knots. Suppose that K ⊂ S 3 is a non-trivial knot for which there is a positive integer r such that S Figure 3 for the illustration of the conventions we are using. In this subsection, we apply Theorem 1.1 to study the signed unknotting number of C p,1 (K D ) for any p ≥ 1, and have the following property.
Proposition 2.6. The knot C p,1 (K D ) has non-zero positive unknotting number.
There is a formula that expresses the Alexander polynomial of a satellite knot in terms of those of its companion and its pattern, the statement and the proof of which can be found in [7, Theorem 6.15] . By this formula we see that the knot K D and the knot C p,1 (K D ) both have trivial Alexander polynomial, for any p ≥ 1. The knot C p,1 (K D ) is therefore a topologically slice knot based on Freedman's work [3, Theorem 11.7B]. Consequently, we have u T ± (C p,1 (K D )) = 0. In the following paragraphs, we show that u S + (C p,1 (K D )), and therefore u + (C p,1 (K D )), are non-zero. We remark that Donaldson's diagonalization theorem, used as a tool to investigate the signed unknotting number by Cochran and Lickorish in [2] , appears to be difficult to apply here to C p,1 (K D ).
Proof. For any integer p ≥ 1, it is known from [4, Corollary 7.3] that
Therefore by the additivity of d-invariants we see that Let D p (K) be the knot as shown in Figure 4 . As we can see from Figure 4 , it holds that
On the other hand, the knot D p (K) can be transformed into the knot K D by performing only positive crossing changes. By (6) we have
We assign the calculation of d(S , 1) ), which implies that 1) ). Since −p ∈ Ω, then by Theorem 1.1 we conclude that Appendix A.
The purpose of this appendix is to prove the following property. We follow the method used in [6] . [12], and independently Rasmussen [19] found that a knot L ⊂ S 3 induces a filtration, called Alexander filtration, to CF ∞ (S 3 , s 0 ), and then defined the filtered chain complex
Here s(x) ∈ Spin c (S If we forget the Alexander filtration on CF K ∞ (S 3 , L) and C{i = 0}, the homology groups of these two chain complexes are isomorphic to
and HF (S 3 ) ∼ = F. Then Ozsváth and Szabó's τ -invariant of a knot is defined as follows.
The homomorphism ι * is induced from the inclusion map. Given a knot L ⊂ S 3 and a positive integer r, we can construct a cobordism from S 3 to S 3 r (K) by attaching a 2-handle of framing r along L. Let s 0 ∈ Spin c (S 3 r (K)) be the unique spin c -structure that extends to a spin c -structure t 0 over the cobordism, satisfying c 1 (t 0 ), [S r ] + r = 0. Here [S r ] is the homology class of a surface in the cobordism obtained by closing off a Seifert surface of L by the core of the 2-handle.
The following theorem was known. 1 in [19] ). Suppose (C, ∂) is a chain complex freely generated by elements y i over a field, and write d(y i , y j ) for the y j coordinate of ∂(y i ). Then if d(y k , y l ) = 1, we can define a new chain complex (C,∂) with generators {y i |i = k, l} and differential∂
The chain complex (C,∂) is chain homotopy equivalent to the first one. Moreover, the chain homotopy equivalence π : C →C is the projection, and the equivalence ι :C → C sends y i to y i − d(y i , y l )∂(y k ).
For those knots which admit positive integral L-space surgeries, the knot Floer homology of them was described by Ozsváth and Szabó as follows.
Theorem A.4 (Ozsváth and Szabó [15] ). Suppose that K ⊂ S 3 is a knot for which there is a positive integer r such that S 3 r (K) is an L-space. Then there is an increasing sequence of integers n −k < · · · < n k with the property that n i = −n −i , having the following significance. For −k ≤ i ≤ k, let
Then HF K l (S 3 , K, j) = Z if j = n i and l = δ i for some i, 0 otherwise.
It is easy to see that δ i ≤ 0 for any −k ≤ i ≤ k. Namely we have HF K l (S 3 , K) = 0 for l > 0. This fact implies the following lemma. Lemma A.5. H l (F (K, j)) = 0 if l > 0 for any j ∈ Z.
Proof. Since we are working in the field F := Z/2Z, by iteratively applying Lemma A.3 we see that HF K(S 3 , K) can be endowed with a differential∂ such that ( HF K(S 3 , K),∂) is filtered chain homotopy equivalent to (C{i = 0}, ∂). Then the lemma follows from the fact that HF K l (S 
